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In this paper we prove that a finite partial commutative (idempotent com- 
mutative) Latin square can be embedded in a finite commutative (idempotent 
commutative) Latin square. These results are then used to show that the loop 
varieties defined by any non-empty subset of the identities {x(xy) = y, (yx)x = y} 
and the quasi-group varieties defined by any non-empty subset of {x” = x, 
x(xy) = y, (yx)x = y}, except possibly {x(xy) = y, (yx)x = y}, have the strong 
finite embeddability property. It is then shown that the finitely presented algebras 
in these varities are residually finite, Hopfian, and have a solvable word problem. 
1. INTRODUCTION 
By an n XIZ partial Latin square is meant an II x IZ array such that in 
some subset of the n2 cells of the array each of the cells is occupied by an 
integer from the set 1,2,..., n and such that no integer from the set 1,2,..., n 
occurs in any row or column more than once. We shall also refer to an 
12 x n partial Latin square as a finite partial Latin square. An n x n 
partial idempotent Latin square is an n x n partial Latin square with the 
additional requirement that cell (i, i) is occupied by i, i = 1, 2,..., n. A 
partial commutative Latin square is a partial Latin square such that, if 
cell (i,j) is occupied by k, then so is cell (j, i). Finally, a partial idempotent 
commutative Latin square is a partial Latin square which is both a partial 
idempotent and partial commutative Latin square. In [6] it is shown that a 
finite partial idempotent Latin square can be embedded in a finite idem- 
potent Latin square. The following two questions were subsequently 
raised by S. K. Stein: 
(1) Can a finite partial idempotent commutative Latin square be 
embedded in a finite idempotent commutative Latin square? 
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(2) Can a finite partial commutative Latin square be embedded in a 
finite commutative Latin square? 
In this paper we answer both questions in the affirmative. We use these 
results to show that the loop varieties defined by any non-empty subset 
of the loop identities {x(xy) = I’, @x)x = y} and the quasi-group varieties 
defined by any non-empty subset of the quasi-group identities {x2 = x, 
x(xy) = y, (yx)x = u}, except possibly {x(xv) = JJ, (vx)x = ,3, have the 
strong finite embeddability property. Finally, using some recent results of 
Trevor Evans [4, 51, we show that the finitely presented algebras in the 
above varieties are residually finite, Hopfian, and have a solvable word 
problem. 
2. EMBEDDING THEOREMS FOR PARTIAL LATIN SQUARES 
For a more detailed account of the definitions, notations, and ideas 
used in this section see [6]. The results and terminology used in [6] are 
crucial to the proof of Theorem 1. We recall here one important definition 
before stating and proving Theorem 1. By a partial Steiner triple system is 
meant a pair (S, T) where T is a collection of three element subsets of S such 
that any pair of elements of S occurs in at most one of the triples in T. If 
every pair of elements of S occurs in a triple of T, (S, T) is called a Steiner 
triple system. 
THEOREM 1. A jinite partial idempotent commutative Latin square can 
be embedded in a Jinite idempotent commutative Latin square. 
Proof. Let P be a finite partial idempotent commutative Latin square 
based on N = (1, 2, 3 ,..., n}. Let (a, , b,), (az , b,) ,..., (at , b,) be the 
occupied cells in P off the main diagonal with cell (ai , bJ occupied by Ci . 
In [6] it is shown that it is possible to construct a finite partial Steiner 
triple system (S, , TJ with the following properties: 
(2) Tt contains four triples of the form {ai , bi , x}, {ai , ci , y}, {bi , ci , z> 
{x, Y, 4, where x, Y, z $ N, 
(3) if x E S/N, Tt contains exactly one triple of the form {a, b, x}, where 
a, bEN. 
Treash has shown that a finite partial Steiner triple system can be 
completed to a finite Steiner triple system [8]. Let (S, T) be such a comple- 
tion of (S, , TJ and let I be the totally symmetric (and hence commutative) 
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idempotent Latin square associated with (S, T). We now transform I into 
a commutative Latin square containing P in the upper left-hand corner. 
For each i = 1, 2 ,..., t, let T(ai , bJ = {{ai , bi , x), {ai , Ci , JJ}, (bi ,Ci , z}, 
{x, y, z)} and R(ai , bi) = {(ai , bi), (ai , Y), (z, U, (z, v)>. Now the cells 
(ai , bJ and (z, y) are occupied by x and the cells (ai, y) and (xi, bJ 
are occupied by ci . Then if we interchange the x’s and the c(‘s in these 
four cells the result is a Latin square with cell (a,, bj) occupied by ci . It is 
shown in [6] that, for i #j, R(u, , bj) n R(aj , bJ = a, SO that we may 
perform the above procedure on each of the rectangles &a, , bJ simul- 
taneously. This gives a Latin square Q with P embedded in the upper 
left-hand corner. It only remains to show that Q is idempotent and 
commutative. Q is clearly idempotent since none of the cells in any of the 
rectangles R(ui , bJ belongs to the main diagonal. Since P was commuta- 
tive, the cells (a, , b,), (a2 , b,),..., (at, b,) can be paired off so that (a,, bi) 
and (0, , bj) are paired where a, = b, and bi = aj Let (a, b) and (b, U) be 
such a pair where both cells are occupied by c. Then T(u, b) = T(b, a) = 
G, b, 4, {a, c, .Y>, {b, c, ~1, { x, I’, z>). Hence R(a, b) = {(a, b), (a, y), (z, b), _ 
(y, z)} and R(b, a) = {(b, a), (b, z), (J’, a), (z, y)]., where the cells (a, b), 
(b, a), (y, z), and (z, v) are occupied by x and the cells (a, y), (JI, a), (z, b), 
and (b, z) are occupied by c. Therefore interchanging the x’s and c’s in 
these cells in transforming I into Q results in Q still being commutative. 
This last statement completes the proof. 
THEOREM 2. A$nite partial commutative Latin square can be embedded 
in ajnite commutative Latin square. 
Proof. Let P be an n ?: n partial commutative Latin square based on 
I, 2,..., n and let I be the 3n x 3n partial idempotent Latin square based 
on I, 2,..., 3n with only the cells on the main diagonal occupied. Remove 
any symbols occurring on the main diagonal of P and place the resulting 
square in the lower right-hand corner of I. Call the resulting square I’. Let 
(a, , a,), (az , a,),..., (al , a,) be the occupied cells of P on the main diagonal 
with ci the entry in cell (a,, bi), i = 1, 2,..., n. In I’ place the symbol ci 
in the cells (2n + ui , n + ui) and (n + ui , 2n + ui) and call the resulting 
square I”. Since I” is a finite partial idempotent commutative Latin square, 
by Theorem 1, I” can be embedded in a finite idempotent commutative 
Latin square S based on 1, 2,..., s. Now define a Latin square S’ based on 
a symbol e along with 1, 2 ,..., s as follows. Cell (i, i), i = 1, 2 ,..., s + 1 is 
occupied by e, cells (1, i) and (i, l), i = 2 ,..., s + 1 are occupied by i - 1, 
and cell (i,,j), i # j, i, j > 1 is occupied by the symbol in cell (i - I, j - 1) 
of S. Then S’ is a commutative Latin square based on e, 1, 2,..., s. Let 
R(ui , ui) = ((2n + U, + 1, 211 + ai i- I), (2n + ~i + I, n + U, + l), 
(I? + uj t I, 2n $ uj + I ). (n + a, + 1, n + ai t 1)). 
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In S’ the cells (2n + ai + 1,2n + a, + 1) and (n + ai + 1, n + ai + 1) 
are occupied by e and the cells (2~ + ai + I, n + ai + 1) and (n + ai + 1, 
2n + ui + 1) are occupied by ci . Therefore, if we interchange the e’s and 
the ci’s in these cells, the result is still a commutative Latin square with 
cell (2n + ai + 1, 2n + ui + 1) occupied by ci . It is clear that the 
rectangles R(u, , a,), R(u, , u.J ,..., R(u, , at) are mutually disjoint. Hence 
the above procedure applied to each of these rectangles transforms S’ into 
a commutative Latin square containing P. 
THEOREM 3. A finite partial commutative Latin square contuining the 
symbol x in every cell on the main diagonal can be embedded in a finite 
commutative Latin square containing only the symbol x on the main diagonal. 
Proof. Let P be a partial Latin square containing only x on the main 
diagonal. Embed P in a commutative Latin square S as in Theorem 2. 
The only symbol on the main diagonal of S other than x is e. Since S is 
commutative, suitable interchanges of x’s and e’s in disjoint rectangles as 
in the proof of Theorem 2 places all x’s on the main diagonal. 
Theorem 2 can be used to give a new proof of a somewhat weaker form 
of the following result due to Evans [3], that n x n partial Latin square 
can be embedded in a t x t Latin square for any t 3 2n. 
THEOREM 4. A finite partial Latin square can be embedded in a jinite 
Latin square. 
Prooj: The proof is identical to that of Theorem 2 if we remove the 
word commutative and complete I’ to S using Theorem 1 in [6] instead of 
Theorem 1 in this paper. 
This result is weaker than Evans’ result in the sense that Evans’ theorem 
gives the best possible embedding with respect to the size of the containing 
square. 
3. EMBEDDING THEOREMS FOR QUASI-GROUPS AND LOOPS 
Let 9’” be a variety of algebras. For the concept of a partial V--algebra 
see [I] and [2]. An algebra A is a variety Y” has the finite embeddability 
property if every finite partial V-algebra contained in A is embeddable 
in a finite V-algebra. We say that a variety Y has the strong finite em- 
beddability property if every finite partial V-algebra is embeddable in a 
finite V-algebra. Clearly strong finite embeddability for a variety implies 
finite embeddability for the variety. We denote by VI , Vz, Vs, V4, 
6 7 “6 2 95 > and %i the quasigroup varieties defined by {x2 = x}, 
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{xy = yx), (x(xy) = y}, {(yx)x = y}, {x2 = x, xy = y-4, {x2 = x, 
x(xy) = y}, {x2 = x, (yx) = y}, and {x2 = x, x(xy) = y, (yx)x = y}. 
We denote by %r , az , Q, , and a4 , the loop varieties defined by {x2 = 1, 
xy = yx}, (x(xy) = y}, {yx)x = y}, and (x(xy) = y, (yx)x = y}. We note 
that Vs is the variety of totally symmetric idempotent quasi-groups and 
%%4 is the variety of totally symmetric loops. 
Now let Q be a quasi-group and 9 the set of triples associated with 
Q: i.e., (x, y, z) E 9 if and only x . y = z in Q. Let cr ES, (the symmetric 
group on 3 symbols) and let 09 = {(x1, , x2O , x3,) 1 (x, , x2 , x3) E .9}. 
Then the algebra defined by x. y = z if and only if (x, y, z) E a9 is a 
quasi-group denoted by ~9. The quasi-groups Q and uQ are said to be 
conjugate [7]. 
THEOREM 5 (S. K. Stein [7]). If Q E 9’;) i E (2, 3,4), and j E (2, 3, 4}, 
there is a u E S, such that UQ E “crj . 
COROLLARY 6. Zf Q, is apartial Vi-algebra, i E (2, 3, 4}, andj E {2,3,4}, 
there is a u E: S, such that uQ, is a partial T.-algebra. 
LEMMA 7. The variety of commutative quasi-groups Y2 has the strong 
finite embeddability property. 
Proof. This is an immediate consequence of Theorem 2. 
LEMMA 8. The quasi-group varieties V2, Y&, and Vd have the strong 
finite embeddability property. 
Proof. We already know that V2 has the strong finite embeddability 
property. Let Q, be a finite partial K-algebra, i = 3 or 4. By Corollary 6, 
there is a u ES, such that uQ, is a (finite) partial V2-algebra. Let F be a 
finite 9$-algebra containing uQ, . Then u-l FE < and of course contains 
Q 9’ 
THEOREM 9. The quasi-group varieties <, i E (1, 2,..., S>, have the 
strong finite embeddability property. 
Proof. We already have this result for 9% , Vs, and Vd . For VI we 
recall that finite partial idempotent Latin squares can be finitely embedded 
in an idempotent Latin square [6]. Christine Treash has shown that Ys has 
the strong finite embeddability property [8]. The fact that V5 , VG , and 
V, have the strong finite embeddability property is similar to the proof of 
Lemma 8 using Theorem 1 and the fact that the quasi-group identity 
x2 = x is invariant under conjugation. 
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LEMMA 10. The variety of Ioops %1 has the strong finity embeddability 
property. 
Proof. The proof is an immediate consequence of Theorem 3. 
THEOREM II. The loop varieties ?ll , q12 , es, and %a have the strong 
finite embeddability property. 
ProoJ We already know that %Y1 has the strong finite embeddability 
and Treash has shown that ‘Pa has this property [8]. So let Q, be a finite 
partial sti-algebra, i E (2, 3). Now considering Q, as a quasi-group, that is 
to say, as a finite partial K-algebra, i E {3,4}, one of the permutations 
(1, 3), (2, 3), which we will denote by u, will place uQ, in the quasi-group 
variety Vz . It is easily checked that in fact CTQ, is a finite partial loop 
satisfying the additional identity x2 = 1. Hence uQ, is a partial gl-algebra. 
By Lemma 10 there is a finite *,-algebra, say F, containing this conjugate. 
Now considering F in Vz , 0-r FE $< , i E {3,4}, and contains Q, . Again 
it is easily checked that in fact c-l F is also in ei , i E (2, 3). This completes 
the theorem. 
4. FINITELY PRESENTED QUASI-GROUPS AND LOOPS 
For a more detailed account of the ideas and definitions in what follows 
the reader is referred to [I], [2], [4], and [5]. Let V’- be a variety of algebras. 
An algebra A in V is residually Jinite if, for any x # y in A, there is a 
homomorphism a: of A onto a finite V-algebra such that XOL # YIX. By the 
word problem for a finitely presented Y-algebra A is meant the following: 
Does there exist a finite recursive process which can be applied to any pair 
of words in A to decide whether or not they are equivalent? Finally, an 
algebra is Hopjian if it is not isomorphic to a proper homomorphism 
image of itself. The following three theorems are due to Evans: 
(i) Let V be any variety of algebras and let A be any finitely generated 
residually finite algebra in V. Then A is Hopfian [5]. 
(ii) The finitely presented algebras in a variety -t’- are residually Jinite 
if and only if 9’ has the finite embeddability property [4]. 
(iii) If a finitely presented algebra A in a variety Y is residually finite 
(or, equivalenty, if A has the finite embeddability property), the word 
problem is solvable for A [4]. 
Theorems 9 and 11 show that the quasi-group varieties $2 , i E { 1,2,..., S), 
and the loop varieties qi , i E {I, 2, 3,4}, have the finite embeddability 
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property. Hence using (ii), (i), and (iii) in that order gives the following 
theorem: 
THEOREM 12. The$nitely presented algebras in the quasi-group varieties 
Vi , i E (1, 2 ,..., 81, and the loop varieties %i , i E {1,2, 3,4}, are residually 
finite, Hopjian, and have a solvable word problem. 
5. REMARKS 
Among other things, we have shown that any non-empty subset of the 
loop identities {x(xy) = y, (yx)x = y} and any non-empty subset of the 
quasi-group identities (x2 = x, x(xy) = y, (yx)x = y>, except possibly 
{x(xy)y, (yx)x = y), defines a variety having the strong finite embedda- 
bility property. The case of the quasi-group identities {(yx)x = y, 
x&y) = y} has resisted all attempts by the author for a proof or counter- 
example. This problem seems closely related to the other problems, but 
the author has failed to handle it using the techniques in this paper. 
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